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Abstract. [n this paper, a model of a focused beam with circular symmetry is
presented. The acoustic field is defined by a Gaussian surface velocity distribution
along the emitter immetrsed in a fluid. The pressure field is described by a Fourier
integral representation, and is evaluated asymptotically using a generalized
steepest descent procedure. Simple analytical expressions for the acoustic
pressure along the axis are obtained, and the variation of the pressure field as a

function of distance from the emitter is illustrated.

1. Introduction

Theoretical studies consecrated to evaluation of the
ultrasonic field generated from focused transducers were
developed in the past. With the assumption of small
wavelengths with respect to the width of the emitter
(the hypothesis of short waves or high frequencies),
those beams described mathematically by the Rayleigh
integral or by a Fourier representation were evaluated
using the Fresnel approximation [1-6], the parabolic
approximation [7], or the paraxial approximation [8,9].

O’Neil [1] modelled a focused acoustic beam by
considering a concave transducer vibrating at a uniform
normal velocity. Under the hypothesis of short waves,
he approximated the potential of velocities using Green’s
formulation, which is only valid in the case of a plane
acoustic source. This model finally gives an analytical
expression for both acoustic pressure and intensity along
the axis of symmetry of the beam and in the focal plane.

Cavanagh and Cook [2,3] modelled a focused
acoustic beam by using a plane transducer together
with a lens positioned at a certain distance from the
transducer. In order to obtain an analytical solution
for the acoustic pressure field, the authors used the
Rayleigh-Sommerfeld formulation based on Huygen’s
principle, which consists of describing the acoustic
pressure outside the source as a superposition of
divergent spherical waves. The obtained analytical
expression for the pressure field was in an integral form
and has been evaluated using Fresnel’s approximation
and by means of Laguerre-Gaussian functions. Finally,
the acoustic pressure was obtained using a simple
numerical method.

Lucas and Muir [5] considered a concave transducer
and used the Rayleigh-Sommerfeld formulation. Using
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Fresnel’s approximation and by means of the hypothesis
of high frequencies, they obtained a well-collimated
beam. The authors finally evaluated the acoustic
pressure on the acoustic axis.

Filipczynski and Etienne [6] considered a spherical
transducer vibrating with a Gaussian velocity profile. By
means of the hypothesis of short waves and Fresnel’s
approximation, the Rayleigh integral has been evaluated
and the pressure of the focused Gaussian beam on the
acoustic axis was finally obtained.

Pott and Harris [8, 9] modelled a focused Gaussian
beam by considering an acoustic monopole with complex
spatial coordinates. Using the paraxial approximation,
the normal velocity of the monopole was made to
correspond to a Gaussian distribution. The paraxial
approximation consists of taking into account a restricted
area of the beam,; in that area only, the beam appears to
be of Gaussian type. This method of modelling a focused
beam does not imply any assurnption regarding the very
structure of the beam, but is based on spatial limitation
of the beam. Contrary to the paraxial approximation, in
the cases of the parabolic approximation [7] or Fresnel’s
approximation [1-6], the beam is of Gaussian type by the
definition of its structure. Both paraxial and parabolic
approximations and also Fresnel's approximation are
equivalent in terms of obtaining the final expression for
the acoustic pressure.

More recently, a two-dimensional model has
been proposed for studying Gaussian focused beams.
By using the steepest descent procedure, analytical
expressions for the pressure field were obtained for
any point in space, including the neighbourhood of the
caustic and the focal point [10-13].

In order to complete our previous studies, we present
here a model of a Gaussian focused beam with revolution
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Figure 1. Configuration of the disposition.

symmetry. This paper is not based on any of the above
assumptions (Fresnel, paraxial or parabolic), which
consist of considering a highly directional vltrasonic
beam. The incident beam is defined here by its normal
velocity distribution along the plane-emitter placed in a
fiuid medium. The Fourier integral representation of the
acoustic field along the axis is evaluated asymptotically,
by means of a generalized method of steepest descent.

2. The model

Let us consider a Gaussian focused beam generated by
a plane, circularly symmetric emitter placed in a fluid of
mass density p and sound velocity ¢ (figure 1).

In order to describe the circular symmetry, we use
polar coordinates:

x =rcosé y = rsind

ky =1k, cosp ky = k. sing.

The Gaussian normal velocity distribution of particles
along the emitter plane is given by
Vn(d'”, O) = VGE—(r}d)le—iksin%(rlfa)e—imz 1)

where @ is the radius of the emitter, &y the focalization
angle, k = /¢ is the wavenumber in the fluid, e is the
angular frequency, and r = (x2 + z%)'/2 is the spatial
variable.

The acoustic pressure in a plane situated at a distance
z from the emitter (the x—y plane), is given by plane-
wave superposition in the form of a Fourier integral:

P(r,2)= f "k Al doCrk e dk, (2)
0 .

with k, = (k2—k2)!/? where the function &, is chosen real
and positive for |k,| < k and imaginary and positive for
k] > k, and A(k,) is the Fourier transform of P(r, 0):

‘l o0
Alk) = Ej; rP(r, 0 Jolrk,) dr (3)
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with Jy{rk,) the Bessel function of order zero, defined
by

2
Jolrk,} = -i-i—; f exp[—irk, cos(d —p)]dd. (&)
4}

From the equation grr:idP = —pdV,/0t, we obtain

P(r,0) = V,(r, 0)pw/k, and thus
Atk = 22Ye f -8 Jo(rk, ) dr 5)
ZJTkz fi]
where L
B = _1_2 + 1ks1n90.
a a

By expanding the Bessel function as a power series,
equation (5) becomes

ke \2k
prVe f“ e CDH(F)
Alk) = —= gy
k) [ e kZ

2k, — K+ 1)
_poVosn_ (Z1F G f B k] g
2nk, S KTk +1) 2% Jy

(6
On changing the variables such that t — p%?2, it follows
that

_poYs 2 (—=1)F k *

Z k=0

1 i
XﬂB"’k_‘ﬂ_[oe,tdt' €]

From the definition of the gamma function
o0
k) = f etk dy
0

equation (7) can be simplified to

we obtain

pf.z)Vo 1

4wk, a~2 + i(k/a)sinf,

x exp[—#2/4a? + ika sindy)]. 9

Alk,) =

Thus, the acoustic pressure field (equation (2)) is given
by the expression
pcVolka)?
4w (1 + ika sin )
o0 Er Jo(ka!‘:k_, )e-E}{ka}ZM(J-Hka sinBa)ej(ka}Ezz _
b = dk
fo (1=

P(r,z) =

(10)
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where F = rja, 7 = z/a, k, = k. /k and k, = k,/k are
non-dimensional quantities.

Finally, by assuming the hypothesis of short waves
(ka > 1), the pressure field is written in the form

PG, 1) = pcVoka
"7 14 sin 6,

o
% f {Er Jolkark,) expl—#? /4 sin® 6y}
o

- k2
ik 1-— k2 142
X exp [1 a (( z+ Zsindy

x (1 — k212 dk, 4+ O(1). (1

Thus, the acoustic pressure on the axis is given by the
expression

e Voka
PO.D= 2o 10,0 (12)
where e
](0, 2) = f g(Er)eikaf(Er) dE'_ (]3)
0
with

e e (B /asin® &)

8) =~

P2
45in8y

Let us suppose that the characteristic width of the
beam, a, is large relative to the emission wavelength,
A = 27 /k, the parameter ka is thus much larger than
I; hence the integral (13) can be evaluated by the
asymptotic method of steepest descent. This method
consists of replacing the initial integration path by a
new path passing through the saddle-points of the phase
function of the integral, f(%,), defined by the equation

Fl) = (1 =Rz +

f(y)=0
or _
v WK _
2sinfy (1 —pH2

which has three solutions:
y = +[1 — (2singz)*)"?

Y2 = 0
vs = —[1 — (2sin6p7)*]'2.

Since the integration path is [0, +oof, the negative
solution is not taken into account.
We distinguish the following two cases.

(i) If z > a/2 sin @, there are real saddle-points at 3.

(ii) If z € a/2sinfy there are two real saddle-points
at y and 3 (z == a/2sinf being the position of the
focal point).
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When a saddle-point is situated near the integration
limit, the classic steepest descent method (used in [10-
13]} is not applicable. A generalized method [14] is
thus applied (see the appendix), in order to evaluate
analytically the integral (13).

Thus, from equation (Al4) we obtain the contribu-
tion of the saddle-point y, = O

e,u)riﬂ
] = e (14)
kaIZSinen - Zf

1 N
p = sgn (ZSinﬂo _Z)

and from equation (A13), the contribution of the saddle-
point 4 is

with

I = eikaf{O)+iu:rrj4
80—?]81341'“”4 1 i 3[)
2 Wiltka)2pe-iem/4 —_
(15)
where s
e e (n)
§p=0 = ———
° T

n=—2|f(n) -

and u =1 (as 7 < 1/(2sinfy), this is necessarily s0).

iIn case (i), only the contribution of the saddle-point
¥ intervenes. Thus, the acoustic pressure for that part
of the axis is

P, 7) B aikaZ

pcVy 4 sin 90 (-2—8;%6_0 — E)

(16)

In case (ii), both saddle-points 3y and y, intervene. Thus,
the acoustic pressure for that part of the axis is

P(O, f) _ __eikuig(yl)(ka)wz
pcV T sinGo (2 (v f ) — D172
i
((k Gy HAS ) =Ene ‘”"4Wo[(ka)”2nemf43

ikaZ
+ ° + 0(1/ka) a7
47 sin 6y (ﬁ—‘-az - 2)

with

Wol(ka)'*ne™/*)

.2 o0 .2
inka ‘-”14'/' (—u )
=expl——|¢ exp| —] dr.
p( 2 ) k)12 P\ 2

Figure 2 illustrates the pressure field on the acoustic axis
as a function of distance from the emitter. The maximum
value corresponds to the position of the focal point.
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Figure 2. Profile of the acoustic pressure along the axis.

3. Conclusion

In this paper, a model of a Gaussian focused heam
generated from an emitter of circular symmetry is
presented, The symmetry of revolution is introduced
using polar coordinates. The acoustic pressure field is
obtained by plane-wave superposition in the form of a
Fourier integral. By adopting the hypothesis of short
waves, this integral is expanding asymptotically using a
generalized steepest descent procedure. Finally, simple
analytical expressions for the pressure field along the
axis are obtained, and the acoustic pressure as a function
of the distance from the plane emitter is illustrated.
Pulsed acoustic fields can be used to validate the
mode] (which considers the monochromatic regime).
The technique consists of Fourier transforming the
experimental signals and, by selecting the appropriate
frequency, experimentally evaluating the acoustic
pressure field. This work is the objective of a companion

paper.
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Appendix. Asymptotic analysis of integrals in
the case of a saddle-point situated near zero;
zero being one of the integration bounds

Let us consider the integral
w .
I{K) = f g ()X O gr (AD)
Q

with K 3 1. ¥ is the saddle-point of the phase function
f (), defined by the equation f'(y) = 0, and g(r) is an
analytic function verifying that g(0) = 0. Integral (Al)
can be evaluated asymptotically by using a generalized
method of steepest descent (the classical method is not
valid in the case of a saddle-point near zero).

On changing variables such that £ = (z), we have

2
f(t;y)=f(0;y)+u{%+nZ}
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u=sgnlf"(y; v)] (A2)
and the integral (A1) is written in the form
e e o de .
HK) = leCO.r)f g(t)__et!f#(nz-z—z’ﬂ) dz (A3
0 dz

where 7 is a function of the saddle-point y. From (A2)
we obtain

n=—(sgny)/21f(v; ¥) — F(O; )L (Ad)

In order to replace the exponent in (A3) by a real
and negative quantity, the integration path is rotated by

W /4 ‘
z = ¢ exp(uin/4).

Thus, the integral (A3) is written as
I(K) = expliKf(0; ) + ium /41 J(K) (AS)
where

J(K) = ‘/‘;00 G(;)B"K(b;+tz"2) dé- (AB)

with G(¢) = g(t) dt/dz and & = ne /4,
By expanding we get

G(&) =8+ 8 +E(& +b)Gi(8)

where 8§, 6; and G, will be determined. The integral
(A6) is written in the form

Wo(/Kb)
K2

where the function Wy(s) is

J(K) =& + 1K) (AT)

5, Wi (/K b)
K

+00 2
Wols) = f e~ /2 gy
0

as defined from Weber’s function Dy(is) by the equation
Wols) = C exp(s*/4) Do(is)
where C = (2)'/? and J,(K) is defined by

+co

Ji(K) = A 7+ 5)Gi(L)
;2
exp [—K (7 + bé;)] dg.

After integration by parts, {A8) becomes

(A8)

1 +00
KK) = fo [61(5) + KG,(©)]

é-2
X exp [—K (? +b;‘):| dg. {A9)

‘We apply now the same procedure for the integral J, (K}
as we did for the integral J(K). By expanding

Gi) + G (&) =8 + &8 +EE + H)Ga(E)

7
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in equation (A9), the integral (A7) can be writien as

Wol /KB
I(K) = % (Su * K)
Wi(/Kb) 1
- (6 -+ K) + KJZ(K) (A10)
with

+-00 gZ
hK) = fn £ +b)Gz<<:)exp[ ( ; bz)] .
(All)

By continuing the same procedure, we obtain the final
result in the form of an asymptotic series:

Wo(/Kb) & S Wi/ Kb} S S

KT K K 4 K
(A12)

J(K) ~

where the constants 8y and 4, are given by

d
5 = G(0) = g(O)a—Z-{
=0

GO ~G(=b) _ _,
— =1

; dt dr
nim /4 _
xe [g((J)—-—dz & g(y)( n) i

z=—rai|
and the function Wy(/Kb) is defined by
Wo(V/K e™i7/%)

[ (5 5) [ 5)
=exp|{—pi| — +— exp | pi— | dt.
2 4 2K

By replacing (Al12) in (AS), we finally obtain an
analytical expression for the integral (Al):

1K) ~ exp(iK f(0) + ium/4)
—pin /4
(MWQ(JKne—“‘"/4) + & ) (A13)

& =

Ein
with
8o — ndie™M A = o (y | (s v)I7
e;.zin'/‘d-
& = _ n : ~—!/2).
! . (3( )f( ) gWIf yi v
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In the case of a saddle-point equal to zero, expression
(A13) can be simplified to

- 1/2 ) gf(o)e-—,ui:z‘/'4

HEK) = | g(0) (et | et BN

) [3()(2Klf”(0)l) M SFTOT
x &/ O, (Ald)

References

[17 O'Neil HT 1949 Theory of focusing radiators J. Acoust.
Soc. Am. 21 510-26
[2] Cavanagh E and Cook B D 1981 Lens in the nearfield of
a circular transducers: Gaussian Laguerre formulation
J. Acoust, Soc. Am. 69 345-51
[3] Cavanagh E and Cook B D 1980 Gaussian-Laguerre
description of ultrasonic fields-numerical example:
circular piston J. Acoust. Soc. Am. 67 1136-44
(4] Cook B D and Amoult W J 1976 Gaussian—
Laguerre/Hermite formulation for the nearfield of
an ultrasonic transducer J, Acoust, Soc. Am. 59 9-11
[5] Lucas B G and Muir T G 1982 The field of a focusing
source J. Acoust. Soc. Am. T2 1289-96
[6] Filipczynski L and Etienne J 1973 Theoretical study and
experiments of spherical focusing transducers with
Gaussian surface velocity distribution Acoustica 28
121-8
[7] Bertoni H L, Hsue C W and Tamir T 1985 Non-specular
reflection of convergent beams from liquid—solid
interface Trait. Sign. 2 201-5
[8] Pott ] and Harris ] G 1984 Scattering of an acoustic
Gaussian beam from a liquid-solid interface J. Acoust.
Soc. Am. 76 1829-38
[9] Pott ] and Harris J G 1985 Further studies jof the
scattering of an acoustic Gaussian beam from a
liquid-solid interface J. Acoust. Soc. Am. 78 1072-80
[18] Rousseau M and Gatignol P 1986 Analyse asymptotique
des faisceaux ultrasonores et problémes d’interface
J. Theor. Appl. Mech. Special issue 273-93
[11] Rousseau M and Gatignol P 1988 Etude asymptotique
d’un faisceav Gaussien focalisé J. Acoust. 1 95-9
[12] Matikas T E, Rousseau M and Gatignol P 1993
Theoretical analysis for the reflection of a focused
uitrasonic beam from a fluid-solid interface J. Acoust.
Soc. Am. 93 1407-16
[13] Matikas T E 1991 Asymptotic and experimental analysis
of the nonspecular reflection of focusing ultrasonic
beams from fluid-solid interface Acoustical Imaging vol
19 (Bochum; Plenum) pp 133-9
[14] Bleinstein N 1966 Uniform asymptotic expansicn of
integrals with stationary point near algebraic singularity
Comm. Pure Appl. Math. XIX 353-70



